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We present a calibration method for a full-Stokes polarimeter. The polarimeter uses two liquid-crystal variable
retarders (LCVR) and a linear polarizer to measure the four Stokes parameters. The calibration method proposed
in this paper calculates the errors in the experimental setup by fitting the experimental intensity measurements for
a set of calibration samples to a theoretical polarimeter with errors. The errors calculated in the method include
the axes alignment errors and the errors in the retardance values of both LCVRs. The resulting calibration param-
eters are verified by measuring the polarization state of a light beam passing through a rotating linear polarizer, a
half-wave plate, and a quarter-wave plate and comparing with the predictions for an ideal, error-free polarimeter.
It is found that an average reduction in rms error of 55.8% can be obtained with the proposed method. © 2019

Optical Society of America

https://doi.org/10.1364/AO.58.005952

1. INTRODUCTION

The complete polarization state of a light beam may be
represented by its Stokes vector, which describes all the polari-
zation properties of an electromagnetic field and can be defined
as [1–3]
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where I h, I v, I 45, and I −45, are the intensities of the horizontal,
vertical, and 45° and −45° linear polarizations components,
respectively. I rc and I lc are the intensities of the right and left
circular polarization components.

A Stokes polarimeter allows us to determine the complete
Stokes vector of a light beam, from intensity measurements.
Polarimeters are widely used in many applications, such as
remote sensing, medical diagnosis, or polarization microscopy
[4–9], and some of these systems use liquid crystal variable
retarders (LCVR) to manipulate the polarization state of a beam
[10–12]. In our laboratory, we have characterized this type of
retarder and found variations in the optical axis positions and
retardance values [12–14]. These results show that we require
better control of the LCVRs; in particular, temperature control
and high-precision voltage control are necessary to stabilize the
retardance values. However, these control systems are expen-
sive, and we decided to search for improvements in the

data-processing stage of Stokes polarimetry through the intro-
duction of a calibration step.

In this paper, we propose a method to compensate errors in
the angular positions of the axes and the induced retardance in
the LCVRs. The Stokes polarimetry method used in this paper
is based on a setup with two LCVRs and a linear polarizer. The
application of at most six combinations of retardance values to
the LCVRs and Eq. (1) is used to extract all the Stokes vector
parameters from intensity data. The experimental setup, the
theoretical analysis of the Stokes polarimeter, and the calibra-
tion method are shown in Section 2. Experimental results
before and after the calibration are shown in Section 3. In
Section 4, we present the conclusions.

2. EXPERIMENTAL SETUP AND THEORY

A. Stokes Polarimeter
The experimental setup for the Stokes polarimeter is shown in
Fig. 1. For a light source, we used a 633 nmHe–Ne laser, with a
collimated beam spot of �0.837� 0.003� mm in diameter.
The light passes through a beam splitter to yield an auxiliary
beam to monitor and eliminate variations due to the laser in-
stability. Then, the light passes through a linear polarizer to
ensure that the incident light on the sample is polarized. After
the sample, the light beam enters the Stokes polarimeter with a
first LCVR, with its fast axis at 0°, a second LCVR, with its
fast axis at 45°, and a horizontal linear polarizer, before entering
the detector. The LCVRs used in this work are model
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LCC2415-VIS by Thorlabs. Both detectors are model S120C,
also by Thorlabs.

The Stokes vector entering the detector can be represented,
using the Stokes–Mueller formalism in the following way:

SD � M P0M R2M R1Ss � M sysSs
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where S_s is the Stokes vector of the light leaving the sample,
M P0, M R2, and M R1, are the Mueller matrices of a horizontal
linear polarizer, LCVR 2 and LCVR 1, respectively, and δi is
the retardance value of LCVR i. The factor I 0 is a normaliza-
tion factor depending on the incident intensity, which does not
affect the measurements of the normalized Stokes parameters,
and so will be dropped from the equations below. The first
element of SD is the total intensity of the light beam entering
the detector and is the signal registered in the experiment.
Performing the matrix multiplication in Eq. (2) and extracting
only the first element of SD, we find that the total, modulated
intensity is given by

SD0 �
1

2
�Ss0 � Ss1 cosδ2 � Ss2 sinδ1 sinδ2

− Ss3 cosδ1 sinδ2�: (3)

To calculate the complete Stokes vector, with four unknowns,
at least four measurements must be made. However, according
to Eq. (1), six intensity measurements are needed. In fact, Tyo
showed that the optimum case, for which the measurement
noise has a minimum effect on the final Stokes parameters,
is for the condition number of the characteristic matrix of
the polarimeter to be a minimum [15]. As shown by Tyo,
the minimum condition number for a full Stokes polarimeter
is
p
3, which is obtained for the case of the six independent

intensity measurements given by Eq. (1). The characteristic
matrix for this case is given by
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, (4)

and has a condition number of
p
3 � 1.732. For the case of

only four intensity measurements, the characteristic matrix is
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1
CA, (5)

for which the condition number is not optimized and has a
value of 3.2255. This case corresponds to horizontal, vertical,
and �45° linear together with right circular polarization. In
this work, we present and compare results for an optimized
polarimeter, measuring six intensities, and a nonoptimized
polarimeter, measuring only four intensities.

To retrieve the Stokes parameters, we measured the detected
intensity for a combination of six retardance values for the first
and second LCVR. As an example, to calculate I h from Eq. (3),
we set cos δ2 � 1 and sin δ2 � 0, which is true when δ2 � 0,
2π, 4π,… Hence, the measured intensity is

SD0 �
1

2
�Ss0 � Ss1�: (6)

Using the relations in Eq. (1), the detected intensity is given by

SD0 �
1

2
�Ss0 � Ss1� �

1

2
��Ih � I v� � �I h − I v�� � I h: (7)

Similar calculations will lead to the retardance values needed to
measure the six polarization intensity components. These val-
ues are shown in Table 1. Notice that, in Table 1 there are two
values for LCVR 1, which are not given. This is because these
values have no effect on the detected intensity, so these values
are arbitrary. In practice, we use the same value as given for
Combination 3 in the table, to reduce the switching time
between combinations. For the nonoptimized case, we use
the same intensity values obtained in the optimized case, only
selecting the four intensities required for the polarization states
being analyzed.

B. Calibration Method
Calibration methods require an analysis of the results obtained
with a number of known polarization calibration samples.

Fig. 1. Experimental setup for the Stokes polarimeter used in this
work.

Table 1. Retardance Values Used to Detect each
Polarization Component

Combination
Detected

Polarization

Retardance

LCVR 1 LCVR 2

1 Ih — 2π
2 I v — 3π
3 I 45 π∕2 π∕2
4 I −45 3π∕2 π∕2
5 I rc 2π π∕2
6 I lc π π∕2
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The detected intensities or the measured Stokes parameters are
then compared with the ideal cases to deduce the errors in the
system and the corrections required to obtain accurate results.
In this paper, we propose the use of either four or six calibration
samples; again, we compare the results of the two cases. As
calibration samples, for the case of six samples we used a hori-
zontal linear polarizer, a vertical linear polarizer, a half-wave
retarder with its axes at 30° and at 60°, and a quarter-wave
retarder with its fast axis at 30° and at 60°. These values of
the axes angles of the fixed retarder plates were chosen to have
contributions in as many as possible of the elements in the gen-
erated Stokes vectors. For the case of four calibration samples,
we chose a horizontal linear polarizer, a vertical linear polarizer,
a half-wave retarder with its fast axis at 30°, and a quarter-wave
retarder with its fast axis at 30°. With these samples, in both
cases we obtain contributions in the four Stokes parameters.
Using an optimized polarimeter (six retardance combinations)
and six calibration samples, we have 36 intensity measure-
ments. With a nonoptimized polarimeter (four retardance
combinations) and four calibration samples, we have only
16 intensity measurements. Obviously, this second case has
the advantage of fewer measurements, which means a shorter
measurement time. However, as shown below, there is an ad-
verse effect on the final measurement precision.

The calibration procedure proposed consists of two stages.
In the first stage, the experimental errors in the setup are cal-
culated by fitting the experimental intensity measurements for
the calibration samples to a theoretical polarimeter with errors.
This is performed by using a nonlinear fitting procedure with
the experimental errors as the fitting parameters and the sum of
the differences between the experimental intensities and the cal-
culated model intensities, including experimental errors, as the
metric to be minimized. The measured intensities were fitted to
the theoretical model with the error parameters using a com-
puter program developed in our laboratory, along with the
“Powell” algorithm [16]. Fitting algorithms need a starting sol-
ution, and we used an ideal experimental setup, without errors,
as the starting value. The errors introduced in the polarimeter
model to replicate the measured intensities were errors in each
of the orientation angles of the LCVR axes and errors for each
different value of the retardance of each LCVR. Other effects in
the optical response of the LCVR, such as diattenuation and
circular birefringence, were not considered in this model.
This means that, for the optimized polarimeter (Table 1), there
are four different retardance values for LCVR 1 and three dif-
ferent values of retardance for LCVR 2, giving a total of seven
retardance errors. For the nonoptimized case, there are two re-
tardance values for LCVR 1 and three for LCVR 2, giving a
total of five retardance errors for this case. We also included
errors in the axes positions of the calibration samples, giving
one error for each sample. This means that the case of an opti-
mized polarimeter and six calibration samples has 15 error
terms, and so 15 fitting parameters in our method. For a non-
optimized polarimeter and only four calibration samples, we
have a total of 11 fitting parameters. The metric, M , used
in the fitting procedure is the rms difference between the ex-
perimental and expected (theoretical) intensities over all the cal-
ibration samples and all of the polarimeter configurations:

M �
 XN

i�1

Xn
j�1

1

Nn
�SexpD0 − S

teo
D0�2

!
1∕2

, (8)

where the superscript exp denotes the experimentally measured
intensity, the superscript teo denotes the theoretical intensity
from the model of the polarimeter with errors, N indicates
the number of calibration samples used (in our case, four or
six), n denotes the number of intensities detected for each sam-
ple (again four or six), and this metric is minimized in the fit-
ting procedure. The second step of the proposed method takes
the fitting parameters optimized in the first step and assumes
that they represent the fixed systematic experimental errors.
Then, we use the intensity measurements of the unknown sam-
ple beam to obtain its complete Stokes vector, by fitting using
the difference between the calculated and measured intensities
as a metric, and the four Stokes parameters as the fitting param-
eters. In this case, we have four unknowns, the Stokes param-
eters, and either six intensities, for the optimized case, or four
intensities, for the nonoptimized case. The metric, M 0, in this
case is

M 0 �
 Xn

j�1

1

Nn
�SexpD0 − S

teo
D0�2

!
1∕2

: (9)

In this case, the superscript teo indicates the theoretical inten-
sity using the polarimeter errors found in the first part of the
fitting procedure and the theoretical values of the sample Stokes
vector.

3. RESULTS

To verify the proposed method, we measured the Stokes
parameters for three samples, i.e., a linear polarizer, a half-wave
plate, and a quarter-wave plate, by rotating the axes of the sam-
ples from 0° to 180° in 10° increments. The Stokes parameters
for the samples were calculated for ideal elements but include
an error in the axis position for these samples. The calculated
Stokes parameters were compared with the results obtained
with our method, to verify our proposed method. With the
rotation angle being given by θ, the theoretical Stokes vector are

Spol �

0
B@

1
cos�2θ�
sin�2θ�

0

1
CA, (10)

Sλ∕2 �

0
B@

1
sin�4θ�
− cos�4θ�

0

1
CA, (11)

Sλ∕4 �

0
B@

1
sin�2θ� cos�2θ�

sin2�2θ�
− cos�2θ�

1
CA: (12)

Figures 2–4 show results obtained before and after applying the
calibration method, for an optimized polarimeter with six cal-
ibration samples. The theoretical values are shown as styled
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lines without symbols and the experimental values as lines with
shaped symbols.

From Figs. 2–4, it can be seen that there are large systematic
errors in the uncalibrated results (upper graphs), particularly in
the S3 terms in Figs. 2 and 3, as well as asymmetry in the S1
term of Fig. 4, which are mostly corrected by our proposed
calibration procedure (lower graphs). The same type of mea-
surements was made for an optimized and a nonoptimized
polarimeter. The Stokes parameters obtained were compared
with the theoretical values using Eqs. (6)–(8). We calculated
the root mean square error (RMSE) for each Stokes parameter.
The RMSE is defined as

RMSE �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N θ

XN θ

n�1

�
SexpDi − S

theory
Di

�2
n

vuut , (13)

where the subindex i indicates one particular Stokes vector
element, the subindex n indicates the angle at which the Stokes
vector is calculated, and there are N θ rotation angles in the
measurement of each Stokes vector. The values obtained
directly from the experiment, with no calibration being per-
formed, are shown in Fig. 5.

Figures 6 and 7 show the same results as Fig. 5 but calibrated
with four and six calibration samples, respectively. After apply-
ing the calibration method, for an optimized polarimeter, the
maximum RMSE is reduced by 48% and 51% using four and
six calibration samples, respectively. For a nonoptimized polar-
imeter and using four calibration samples, the maximum
RMSE increases, but using six samples the maximum RMSE
is reduced by 30%. It can be seen that the calibration method
proposed in this paper fails when it is used with a nonoptimized
polarimeter and four calibration samples, having the best results
when used with an optimized polarimeter and six calibration
samples.

Fig. 2. Measured Stokes parameters (upper figure) and calibrated
Stokes parameters (lower figure), for a rotating linear polarizer using
an optimized polarimeter. Shaped points are the experimental values;
styled lines are the theoretical values.

Fig. 3. As Fig. 2, but for a rotating half-wave plate.

Fig. 4. As Fig. 2, but for a rotating quarter-wave plate.

Fig. 5. RMSE in noncalibrated measured Stokes parameters with
an optimized (circles) and nonoptimized polarimeter (crosses). Solid
horizontal line marks the maximum RMSE (=0.3228) for a nonopti-
mized polarimeter and the dashed line the maximum (=0.1670) for an
optimized polarimeter. The x axis indicates the element of the Stokes
vector and the calibration sample used: Pol, linear polarizer; HW, half-
wave retarder plate; QW, quarter-wave retarder plate.
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We made three sets of nine Stokes parameter measure-
ments using an optimized polarimeter and six calibration
samples. But, before each measurement, the LCVRs were re-
characterized, the experimental setup was reassembled, and the

calibration samples were measured. The calibration calculation
was applied each time we measured the complete Stokes vector
of the three rotating samples. These test runs show the stability
of the experimental setup and of the calibration method pro-
posed. The results of these measurements are shown in Fig. 8.

In Fig. 8, we can see that the precision of the final results
changes with alterations in the experimental system. However,
with the calibration process proposed here, nearly all of the
RMSE after the calibration are less than those before the cal-
ibration. There are two values of RMSE in the third test run
that have a larger RMSE after calibration, but the absolute
value of the changes in RMSE is small (in the third decimal
place) for both cases. The worst case RMSE after the calibration
is 0.105, and the RMSE is reduced by the calibration between
17% and 94.5%. The average reduction of the RMSE for all
the cases is 55.8%. Figure 9 shows the percentage reduction in

Fig. 7. RMSE in calibrated measured Stokes parameters with an
optimized (circles) and nonoptimized polarimeter (crosses), using
six samples in the calibration process. The solid horizontal line marks
the maximum RMSE (=0.2228) for a nonoptimized polarimeter
and the dashed line the maximum (=0.0774) for an optimized polar-
imeter. The x axis indicates the element of the Stokes vector and the
calibration sample used: Pol, linear polarizer; HW, half-wave retarder
plate; QW, quarter-wave retarder plate.

Fig. 6. RMSE in calibrated measured Stokes parameters with an
optimized (circles) and nonoptimized polarimeter (crosses), using four
samples in the calibration process. The solid horizontal line marks the
maximum RMSE (=0.5610) for a nonoptimized polarimeter and the
dashed line the maximum (=0.0864) for an optimized polarimeter.
The x axis indicates the element of the Stokes vector and the calibra-
tion sample used: Pol, linear polarizer; HW, half-wave retarder plate;
QW, quarter-wave retarder plate.

Fig. 8. RMSE of measured Stokes parameters, before (crosses) and
after (circles) applying the calibration method, using six calibration
samples, with an optimized polarimeter. The x axis indicates the
element of the Stokes vector and the calibration sample used.
Vertical dotted lines separate the different test runs performed.

Fig. 9. Percentage reduction of the RMSE as a function of uncali-
brated RMSE, showing that higher values of the uncalibrated RMSE
tend to have a higher correction percentage. Dotted line is drawn as an
aid for visualization of the tendency.
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the RMSE with our calibration procedure as a function of
the uncalibrated RMSE. This figure shows that most of the
measurements have reductions above 60% for any value of
the uncalibrated RMSE. All values below 20% of reduction
of the RMSE appear for uncalibrated RMSE values that
are already lower than about 0.12. This figure also shows
that higher values of the uncalibrated RMSE tend to have
larger percentage reductions in the calibrated RMSE, as
shown by the dashed line drawn on the graph as an aid to
visualization.

4. CONCLUSIONS

A method to calibrate Stokes polarimeters has been presented.
It is based on fitting the intensity measurements of calibration
samples to the intensities obtained using a theoretical polarim-
eter with errors. The experimental errors in the polarimeter,
including the retardance values for the LCVRs and the axes
position of the LCVRs and calibration samples, are taken into
account by this method. We applied the method to measure-
ments with a Stokes polarimeter using two liquid-crystal var-
iable retarders, which we have found to have variations in
their output due to voltage-dependent rotations in their fast
axes, variations in the applied voltage, and the well-known tem-
perature dependence of the induced retardance.

Experimental data for an optimized polarimeter and six
calibration samples yield good results, having a reduction of
up to 94.5% in the RMSE after the calibration. The results
for a nonoptimized polarimeter and/or only four calibration
samples are also improved using the proposed calibration
method, although these improvements were not as important
as for the case of an optimized polarimeter and six calibration
samples. Although the analysis was performed for only two con-
dition numbers, the results are clear and show that this method
can help to reduce errors in the measurements of the Stokes
vectors.
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